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Abstract
As a protoypical massive field theory we study the scalar field on the recently
introduced Finsler spacetimes. We show that particle excitations exist that
propagate faster than the speed of light recognized as the boundary velocity
of observers. This effect appears already in Finsler spacetime geometries with
very small departures from Lorentzian metric geometry. It switches on for a
sufficiently large ratio of the particle four-momentum and mass, and is the
consequence of a modified version of the Coleman–Glashow velocity dispersion
relation. The momentum dispersion relation on Finsler spacetimes is shown to
be the same as on metric spacetimes, which differs from many quantum gravity
models. If similar relations resulted for fermions on Finsler spacetimes, these
generalized geometries could explain the potential observation of superluminal
neutrinos claimed by the Opera collaboration.
It is generally held that particles cannot move faster than light. The deeper
reason for this comes from classical field theory. There, particles are described
by partial differential equations. The requirement that the Cauchy initial value
problem be well-posed implies that the leading second order differential opera-
tor must be hyperbolic. If the geometric structure of the spacetime background
is given solely by a Lorentzian metric, as in the Standard Model, hyperbolicity
of the free field equations can only be related to the Lorentzian cone structure
determined by this metric [1]. It follows that the support of the fields must
propagate in timelike directions [2] which in turn holds for the particle exci-
tations of the field. Hence, Lorentzian geometry forces particle motion slower
than light.
The study of deviations from Lorentzian geometry has a certain history in
the context of quantum gravity models, see the review [3], and in that of geo-
metric causality structures [1]. These models often employ modified dispersion
relations [4], some of which point towards a Finsler geometric origin [5]. The
questions arise whether these now consistently allow particles moving faster
than light, and what is the underlying geometry? This is not only of theoretical
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interest, but could also bear on the reported observation of superluminal neu-
trinos by Opera [6]. Here we will investigate in some detail the consequences of
an underlying Finsler spacetime geometry.
Finsler geometry realizes the weak equivalence principle through the most
general geometric clock postulate for which proper time T [x] depends on the
position and four-velocity of observers or massive particles, moving along a
worldline x(τ) through the spacetime manifold M ,
T [x] =
∫
dτ F (x(τ), x˙(τ)) . (1)
The metric limit is given by the tangent bundle function F (x, y) = |g˜ab(x)yayb|1/2.
Not all more general functions F are suitable for physics. To see which are, we
have developed the geometry of Finsler spacetimes in [7]. These provide the
notions of null geometry and causal structure which are not available in stan-
dard mathematical settings of Finsler geometry, but are required physically to
describe the propagation of light and define observers.
In this letter we will exploit the controlled geometrical framework of Finsler
spacetimes to analyze the propagation of the massive scalar field. Already on
Finsler backgrounds mildly departing from Lorentzian geometry, we will demon-
strate the existence of particle excitations that propagate faster than the speed
of light recognized as the boundary velocity that observers cannot reach. These
particle modes are characterized by large ratios of their four-momentum com-
ponents and mass. This effect has a fully Finsler geometrical origin, and is
the direct consequence of a more intricate velocity dispersion relation than on
metric spacetimes. Since the scalar field is the prototypical massive field theory,
a similar mechanism should be induced by Finsler spacetime geometry also on
massive fermion fields. Experimental results on the observation of superlumi-
nal particles, e.g. by Opera, if confirmed, could then be explained; reversely,
non-observations can be used to constrain Finsler deviations from Lorentzian
geometry.
We will now make these statements precise. The theory presented here
lives on the tangent bundle TM of the spacetime manifold M which is the
union of all tangent spaces. In coordinates (xa) on some open neighbourhood
U ⊂ M one can write a vector Y in TxM as Y = ya∂a|x; regarded as a point
in TM , this vector has coordinates (xa, yb). The associated coordinate basis of
TTM is denoted by {∂a, ∂¯a = ∂/∂ya}. We first review our definition of Finsler
spacetimes, see [7] for details, and comment on the definition of observers and
the measurement of velocities, before we enter the discussion of the scalar field.
Definition. A Finsler spacetime (M,L, F ) is a four-dimensional smooth mani-
fold M with a continuous function L : TM → R on the tangent bundle which
has the following properties: (a) L is smooth on TM \ {0}; (b) L is positively
homogeneous of real degree r ≥ 2 as L(x, λy) = λrL(x, y) for all λ > 0; (c) L is
reversible in the sense |L(x,−y)| = |L(x, y)|; (d) the Hessian gLab of L with re-
spect to the fibre coordinates is non-degenerate on TM \A where A has measure
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zero and does not contain the null structure {L(x, y) = 0} ⊂ TM ,
gLab(x, y) =
1
2
∂¯a∂¯bL ; (2)
(e) the unit timelike condition holds: for all x ∈M ,
Ωx =
{
y ∈ TxM
∣∣∣ |L(x, y)| = 1 , gLab(x, y) has
signature (,−,−,−) ,  = |L(x, y)|
L(x, y)
}
(3)
has a non-empty closed connected component Sx. The Finsler function F (x, y) =
|L(x, y)|1/r, the Finsler metric
gFab(x, y) =
1
2
∂¯a∂¯bF
2 . (4)
Finsler spacetimes generalize Lorentzian metric spacetimes (M, g˜) with met-
ric g˜ of signature (−,+3) and L(x, y) = g˜ab(x)yayb. This is homogeneous of
order r = 2; properties (a)–(c) are immediate; (d) holds since gLab = g˜ab is in-
vertible on TM ; the unit timelike condition (e) is satisfied by the set Sx of unit
g˜-timelike vectors. Finsler spacetimes vary from Finsler spaces defined in the
literature, cf. the references in [7]. The central new ingredient is the function
L that acts as the fundamental geometric background structure. Properties
(a)–(d) ensure that the geometry of the null structure {L = 0} is under control,
and that null Finsler geodesics are well-defined. These are essential to describe
the effective motion of massless particles and light. Condition (e) implies the
existence of open convex cones of timelike vectors at all points x, constructed
from the shell Sx of unit timelike vectors; these have null boundary, and are re-
quired to model causality and four-velocities of physical observers. The Finsler
function F in (1) is a derived quantity.
Modelling an observer requires a frame eµ = (e0, eα) of tangent vectors
e0 and three orthogonal eα which measure units of time and space, see [10]
for details. When needed we identify tangent spaces TxM with horizontal
tangent spaces H(x,y)TM by the isomorphism Y
a∂a|x ↔ Y aδa|(x,y), where
δa = ∂a−N ba∂¯b and the coefficients of the Cartan non-linear connection Nab =
1
4 ∂¯b[g
Lap(yq∂m∂¯pL − ∂pL)]; in the metric limit these reduce to the Christoffel
symbols Nab → Γ[g˜]abcyc. The time direction of an observer with worldline γ
is the timelike normalized tangent e0 = γ˙ ∈ Sx; this implies gF(γ,e0)(e0, e0) = 1.
Spatial directions are defined as the horizontal directions conormal to dL which
is equivalent to gF(γ,e0)(e0, eα) = 0. The requirement that the eα be orthogonal
and measure unit length is modelled by gF(γ,e0)(eα, eβ) = −δαβ . Hence in the
observer’s frame
gF(γ,e0)(eµ, eν) = −ηµν (5)
with the metric limit g˜γ(eµ, eν) = +ηµν .
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An observer measures the three-velocity components of a massive or null
particle with worldline tangent X = X0e0 + ~X = X
0e0 +X
αeα as v
α = Xα/X0,
and
v2(γ,e0) = δαβv
αvβ = −
gF(γ,e0)(
~X, ~X)
gF(γ,e0)(e0, X)
2
. (6)
Below we compare the velocity of massive scalar particle modes to the speed of
light describing the boundary velocity of observers. This is obtained from the
maximal positive solution X0( ~X) of the null condition L(γ,X) = L(γ,X0e0 +
~X) = 0. Taylor expanding this around ~X = ~0 and using gL(γ,e0)(eα, eβ) =
r
2 g
F
(γ,e0)
(eα, eβ), we find
c2(γ,e0) =
2
r
+
2
r
∞∑
k=3
(X0)−k
k!
∂¯c1 . . . ∂¯ckL(γ,e0)
~Xc1 . . . ~Xck . (7)
To learn more about the velocities of massive scalar particles, we study the
relevant field theory. Action principles for fields on Finsler spacetime can be
obtained from the corresponding action integral over the spacetime manifold.
The procedure was tested in [7] for electrodynamics, where we could prove that
light propagates along Finsler null geodesics. For scalar fields we start with the
standard Lagrangian on metric spacetime (M, g˜),
L[g˜, φ˜, ∂φ˜] = −1
2
g˜ab(x)∂aφ˜(x)∂bφ˜(x)− 1
2
m2φ˜(x)2 . (8)
Note that L[. . . ] can be seen as a prescription to form a scalar quantity from
tensorial objects. The same prescription generates a Lagrangian on TM , after
promoting φ˜(x) to a tangent bundle field φ(x, y) of zero homogeneity in y,
exchanging the partial derivatives on M for partial derivatives on TM , and
replacing the metric g˜(x) by the following Sasaki-type metric, where δya =
dya +Nabdx
b,
G(x,y) = −gFab(x, y)dxa ⊗ dxb −
gFab(x, y)
|L(x, y)|2/r δy
a ⊗ δyb . (9)
Action integrals on Finsler spacetimes are formulated on the seven-dimensional
subbundle Σ ⊂ TM defined by |L(x, y)| = 1 and non-degenerate gL(x,y). Conve-
nient coordinates (xˆa, uα) on Σ are constructed in [7]; a volume form is induced
by the pullback G∗ of G,
G∗ = −gFab|Σdxˆa ⊗ dxˆb − (gFab∂αya∂βyb)|Σδuα ⊗ δuβ , (10)
where δuα = duα + N˜αadxˆ
a and N˜αa = N
p
a∂¯pu
α − ∂auα. Then the Finsler
spacetime action for massive scalars is
S[φ] =
∫
Σ
d4xˆd3u
√
G∗ L[G,φ, ∂φ]|Σ (11)
= −1
2
∫
Σ
d4xˆd3u
√
G∗
[
GAB∂Aφ∂Bφ+m
2φ2
]
|Σ
,
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where the capital indices A,B label the eight induced coordinates (xa, yb) on
TM . We will see from the corresponding equations of motion below, that this
field theory is designed to reduce to standard massive scalar field theory on M
in the limit of metric geometry, i.e., for L(x, y) = g˜ab(x)y
ayb and φ(x, y) = φ˜(x).
The equations of motion for φ are obtained by variation. We first expand
the action in the horizontal/vertical basis {δa, ∂¯a} of TTM , where (9) can be
used,
S[φ] =
1
2
∫
Σ
√
G∗
[
gF abδaφδbφ+ g
F ab∂¯aφ∂¯bφ−m2φ2
]
|Σ
. (12)
To find δS[φ] we use integration by parts formulae that can be proven with the
coordinate transformations detailed in [7]. For n-homogeneous Aa(x, y) we have
0 =
∫
Σ
√
G∗
[
δaA
a +
(
Γδ ppa + S
p
pa
)
Aa
]
|Σ
, (13)
0 =
∫
Σ
√
G∗
[
∂¯aA
a +
(
gF pq∂¯ag
F
pq − (n+ 3)ypgFpa
)
Aa
]
|Σ
,
using the shorthand notation Γδ abc =
1
2g
F ap(δbg
F
pc + δcg
F
pb − δpgFbc) and Sabc =
Γδ abc − ∂¯bNac. With these technical preparations we find the equations of
motion [
− gF ab
(
δaδb − Γδ pabδp + ∂¯a∂¯b + Sppaδb
)
φ−m2φ
]
|Σ
= 0 . (14)
In metric geometry this reduces to the Klein–Gordon equation (g˜ab∇[g˜]a∂b −
m2)φ˜ = 0 with metric g˜.
We now study the propagation of φ using techniques from the analysis of
partial differential equations [2]. In coordinates (xMˆ ) = (xˆa, uα) of Σ with
associated basis {∂Mˆ} = {∂ˆa, ∂α} of TΣ we find the principal symbol
− gF ab|Σ
[
∂ˆa∂ˆbφ− 2N˜αa∂α∂ˆbφ+
(
N˜αaN˜
β
b + ∂¯au
α∂¯bu
β
)
∂α∂βφ
]
|Σ
, (15)
which can be rewritten as G∗ MˆNˆ∂Mˆ∂Nˆφ . Below we will consider Finsler space-
times that slightly depart from Lorentzian geometry and have two almost iden-
tical lightcones. Then we shall confirm that the pullback metric G∗ on Σ is
of Lorentzian signature (−,+6). This implies that the field equations of the
massive scalar field φ are hyperbolic, and so have a well-posed Cauchy problem.
Allowed Cauchy surfaces of initial data are conormal to the momenta P ∈ T ∗Σ
in the lightcone G∗−1(P, P ) < 0. Moreover, the support of the field φ on Σ
propagates into timelike directions X in the lightcone of G∗ in TΣ. These are
obtained from the momenta by the map
X =
1
m
G∗−1(P, ·) . (16)
Only those excitations of φ moving tangent to the spacetime M can be
interpreted as classical particles. The relevant tangents are identified with the
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horizontal vector fields over Σ ⊂ TM and can be expressed as X = Xaδˆa =
Xa(∂ˆa− N˜αa∂α). Using (16) and the fact that G∗ preserves the horizontal and
vertical structure according to (10), shows that also particle momenta must be
horizontal, i.e., P = Padxˆ
a.
Now we are in the position to study the dispersion relation of the parti-
cle excitations of φ. We specify a Finsler spacetime mildly departing from
flat Lorentzian metric geometry, where standard dispersion relations are well-
defined. We consider the simple bimetric background
L(x, y) = ηaby
ayb (ηcd + hcd) y
cyd (17)
without x-dependence. ηab denotes the usual Minkowski metric, and hcd is
chosen so that ηab + hab is Lorentzian and has a timelike cone containing that
of ηab. The null structure of L is the union of the light cones of η and η + h.
The function L defines a Finsler spacetime with homogeneity r = 4; for small
components hab, one can check that the closed connected component Sx of unit
timelike vectors is given by η(y, y) = −1 up to a perturbation; hence observers
move along η-timelike worldlines. These characteristics are shown in figure 1.
S x
h=0
η=0
η+
Figure 1: Null structure and unit timelike shell in TxM at any point x of a simple bimetric
Finsler spacetime.
The dispersion relation is derived from the field equation (14). This simplifies
on the Finsler spacetime defined by L in (17), where both Nab = 0 and Γ
δ a
bc =
0, to
− gF ab|Σ
(
δˆaδˆb + ∂¯au
α∂¯bu
β∂α∂β + ∂¯a∂¯bu
α∂α
)
|Σ
φ = m2φ . (18)
In a Fourier decomposition into modes of momentum P = Padxˆ
a + Pαδu
α =
(Pa + N˜
α
aPα)dxˆ
a + Pαdu
α of the form exp[i(Pa + N˜
α
aPα)xˆ
a + iPαu
α] the
operators δˆa and ∂α act as multiplication by iPa and iPα. Particle modes
have horizontal momentum, so Pα = 0. For the particle excitations of the
massive scalar field we hence find the dispersion relation −gF abPaPb = −m2 .
In any observer frame with (5) this has the standard form for the measurable
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components Pµ of 4-momentum,
− gF(γ,e0)(P, P ) = ηµνPµPν = −m2 . (19)
We now interpret this result. The Finsler metric (4) of the bimetric geome-
try (17) is −gFab(γ, e0) = ηab+hab/2+h(2)ab (e0) to second order in the components
hab. So the signature of −gFab is (−,+3); comparing (9) and (10) similarly as
in [7] then shows G∗ has the Lorentzian signature (−,+6) required for a well-
posed propagation of φ. Qualitative effects of the generalized spacetime geom-
etry already appear at first order in hab. Substituting g
F
ab into the dispersion
relation, and using (16) yields
ηabX
aXb = −1− h
abPaPb
2m2
+O(h2) (20)
where hab = ηapηbqhpq, and X
a and Pa are the horizontal components of par-
ticle velocity and momentum. The key feature of the formula above is that
massive particles are not always η-timelike as are the observers. If the ratio
habPaPb/m
2 < 0 and if Pa/m are sufficiently large, then the massive particles are
faster than the boundary velocity for observers given by light on {η(y, y) = 0}.
We remark that the massive scalar field has particle excitations moving in η-
timelike, η-null and η-spacelike directions.
To find the quantitative difference between the massive particles’ velocity
and the boundary velocity of observers we use the second order expansion of gF .
The series (7) terminates at k = 4; to calculate the required maximal positive
solution X0( ~X) of the null condition L(γ,X) = 0 we rewrite this condition in
the observer’s frame as
(X0)4 − 2(X0)2 ~X2 + ( ~X2)2 +X0C3( ~X) + C4( ~X) = O(h3) . (21)
Then X0( ~X) =
√
~X2
(
1 +M(γ,e0)(
~X)/2
)
+O(h2) where
M(γ,e0)(
~X) =
(−
√
~X2C3( ~X)− C4( ~X))1/2
~X2
(22)
with−3C3( ~X) = ∂¯ah(2)bc (γ, e0) ~Xa ~Xb ~Xc and−6C4( ~X) = ∂¯a∂¯bh(2)cd (γ, e0) ~Xa... ~Xd.
For any observer exist four solutions of the null condition, hence M(γ,e0)(
~X) is
positive real. With this result we find the boundary velocity
c2(γ,e0) = 1−M(γ,e0)( ~X) +O(h2) . (23)
Finally, (6) and (19) yield the velocity dispersion relation
v2(γ,e0) − c2(γ,e0) = −
m2
P 20
+M(γ,e0)(
~X) +O(h2) . (24)
M(γ,e0)(
~X) is positive for any given spacetime, observer (γ, e0), and spatial di-
rection of motion ~X of the massive particle and the reference light ray; this de-
pendence modifies the velocity dispersion relation in [8] with constant M which
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is inspired from the result derived by Coleman–Glashow in a Lorentz symme-
try violating extension of the Standard Model [9]. Here, superluminal particle
modes occur, if P0/m is sufficiently large. Moreover, any given spacetime solu-
tion of the Finsler gravity equation, see [10], immediately provides M(γ,e0)(
~X)
explicitly in terms of the solution’s parameters. In this way, bounds on these
gravitational parameters can be found from particle physics experiments, or,
if the parameters were already determined by gravity experiments, one could
predict the attainable superluminality of massive particles.
Discussion. We have studied the propagation of the scalar field on Finsler
spacetimes. As central results we find in any observer’s frame the standard
momentum dispersion relation (19) for the massive field modes, while the corre-
sponding velocity dispersion relation (24) is modified due to Finsler geometric
effects. In consequence, superluminal particle modes of the massive scalar field
can be measured when the ratio P0/m becomes sufficiently large. As an inher-
ently geometric effect, this result is expected for other massive, also fermionic,
fields. The key feature we employed to derive the momentum and velocity dis-
persion relations is our well-defined notion of observers on a Finsler spacetime
background; this gives us control over their notions of energy and velocity.
Since the momentum dispersion relation (19) is unchanged from the Lorentz-
ian one, it would be interesting to study whether there exist Finsler metrics
that transform the velocity dispersion relations discussed e.g. in [8] into the
standard momentum dispersion relation for observers. These relations then
can be explained in terms of a Finsler spacetime geometry. This would lead
to a geometric picture of modified velocity dispersion relations inspired from
quantum gravity models or from Coleman–Glashow models.
Can our result of superluminal massive particle modes on Finsler space-
times be consistent with existing experimental constraints on the departure
from Lorentzian geometry?
The non-observation of superluminal particles up to now, with the possi-
ble exception of the Opera results, immediately shows that the values of M
in (24) must be very small, since M < m2/P 20 for all particle masses and ex-
perimentally reached energies. Since the function M is determined by third
and fourth y-derivatives of the Finsler function which are zero in the metric
limit, this merely constrains the deviation from metric geometry. Note that
the constraint obtained on M could be very different in laboratory experiments
and in astronomical observations, simply because the spherically symmetric
Finsler spacetime in the vicinity of the Earth would be expected to produce
effects of different size as the cosmological spacetime relevant for observations
in our Universe. Possible future observations of superluminality will give us a
clearer idea of the size of M . While superluminality is governed by this size,
the anisotropy of the speed of light (boundary speed of observers) is given by
∆M(γ,e0) = max ~XM(γ,e0)(
~X)−min ~XM(γ,e0)( ~X). This quantity could be much
smaller than M , depending on the Finsler spacetime solution. Even if superlu-
minality is observed, this mechanism could avoid the strong bounds on Lorentz
symmetry violations from anisotropy measurements of the speed of light.
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In the light of the possible observation of superluminal motion reported
by Opera, Finsler spacetimes lead to an explanation that differs from many
others [11] since it is based on changing the standard geometry that underlies
physics. Indeed, we argued that superluminal velocities require a modification
of Lorentzian spacetime geometry to alter the metric principal symbols in the
free field equations, unless one appeals to an effective modification so that the
fields are always interacting [12]. Furthermore, on Finsler spacetimes we do
not expect problems with bremsstrahlung effects as discussed in [13] due to the
following facts: our geometric definition of observer frames yields the standard
momentum dispersion relation (19); our theory has no preferred frames which
is crucial according to [14]; the calculation [15] for a concrete Finsler geometric
model demonstrates that neutrino bremsstrahlung is excluded.
We conclude that Finsler spacetimes should be regarded as an interesting
generalization of Lorentzian spacetimes: they provide a background for physics
that offers the possibillity of superluminal motion without conceptional or ex-
perimental contradictions. The gravity equation for Finsler spacetimes is pre-
sented in [10] and the study of solutions of this equation which go beyond metric
geometry is an ongoing research project.
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